We de ne two parabolic ows on almost complex manifolds, which coincide with the pluriclosed ow and the Hermitian curvature ow respectively on complex manifolds. We study the relationship between these parabolic evolution equations on compact almost Hermitian manifolds.
Introduction
In [5] and [7] , Streets and Tian introduced a parabolic evolution equation of pluriclosed metrics with a pluriclosed initial metric on a Hermitian manifold, which is called the pluriclosed ow. In this paper, we would like to show that some of their results hold for almost Hermitian cases as well. Let (M, J) be a compact almost complex manifold and let g be an almost Hermitian metric on M. Let {Zr} be an arbitrary local ( , )-frame around a xed point p ∈ M and let {ζ r } be the associated coframe. Then the associated real ( , )-form ω with respect to g takes the local expression ω = √ − g rk ζ r ∧ ζk. We will also refer to ω as to an almost Hermitian metric. We would like to de ne a parabolic ow of almost Hermitian metrics with an almost pluriclosed initial metric ω on (M, J). We say a metric ω is almost pluriclosed if ω is an almost Hermitian metric and ∂∂-closed (cf. De nition 1.1). We will call it the almost pluriclosed ow (APF):
g(t) ω(t) +∂∂ * g(t) ω(t) − P(ω(t)) =: −Φ(ω(t))
,
where ∂
We will also refer to the associated real ( , )-form ω as an almost pluriclosed metric. Theorem 1.1. Given a compact almost Hermitian manifold (M, ω , J) with almost pluriclosed metric ω , there exists a unique solution ω(t) to (APF) with initial condition ω for t ∈ [ , ε) for some ε > . Moreover, if ω( ) is almost pluriclosed, the metric ω(t) is almost pluriclosed for all t ∈ [ , ε).
We denote by S one of the Ricci-type curvatures of the Chern curvature, which is locally given by S ij = g kl Ω klij
. The second goal of this paper is to prove that a solution of the almost pluriclosed ow with initial almost pluriclosed metric ω is equivalent to a solution of the following parabolic ow starting at the initial almost pluriclosed metric ω on a compact almost complex manifold with an almost pluriclosed Hermitian metric, we will call it the almost Hermitian curvature ow (AHCF): pi Z¯j(g rq ). These components are de ned using an arbitrary unitary frame. In all this paper, we assume the Einstein convention omitting the symbol of sum over repeated indexes.
ω(t) = −S(ω(t)) − Q (ω(t)) − Q (ω(t)) + BT (ω(t)) +Z(T )(ω(t)
Concerning the di erence between the ow (AHCF) and Vezzoni's ow in [8] , Vezzoni studied the parabolic ow on a compact almost Hermitian manifold (M n , ω , J) such that
where These components are de ned using an arbitrary unitary frame. Also, Vezzoni considered a functional 
The view point of (AHCF) is that we would like to generalize Streets-Tian identi ability theorem in [5] .
Note that we have
for any almost Hermitian metric g (cf. [8, Lemma 3.5] ), where T is the torsion of the Chern connection ∇ associated to g, (div ∇ T ) ij = g kl ∇¯l T kij , (∇w) ij = g kl ∇ i T¯j¯l k . This ow (AHCF) coincides with the ow called the Hermitian curvature ow (HCF) Q :
starting at a pluriclosed metric ω if J is integrable. Vezzoni's ow in [9] was de ned for generalizing some studies on (HCF) Q and Hermitian Hilbert functional. We can show that the parabolic ow (AHCF) coincides with the ow (HCF) Q starting at a pluriclosed metric if J is integrable as follows. Streets and Tian asked whether or not it is possible to prove classi cation results in higher dimensions for complex non-Kähler manifolds using geometric evolution equations as in the case that the Ricci ow was used for proving uniformization of Riemann surfaces. They tried to have a parabolic ow such that it preserves Hermitianness and as much additional structure as possible and also is as close to the Kähler-Ricci ow as possible. Since a pluriclosed form ω is locally given by ω = ∂η +∂η for some η ∈ Λ , (cf. [3, Lemma 3.9]), they concluded that it is natural to de ne a ow of pluriclosed metrics using a second order closed ( , )-form (the Chern curvature form) and a rst-order ( , )-form. From this point of view, they de ned the pluriclosed ow, whose RHS is the same as (APF), starting at a pluriclosed metric. They showed that the solution of the pluriclosed ow coincides with the solution of (HCF) Q (cf. [5] ). Our approach is to try to generalize their ow to almost Hermitian cases and to expect to obtain similar results as in the complex cases. The result in Proposition 1.1 tells us that our ow (AHCF) can be considered as a generalized ow of the pluriclosed ow and (HCF) Q . The following result indicates that the parabolic ow (AHCF) could play the same role as the ow (HCF) Q on complex manifolds. We may expect to have some other similar results as in [5] , [6] and [7] for (AHCF). Theorem 1.2. Given a compact almost Hermitian manifold (M, ω , J) with almost pluriclosed metric ω , if (M, ω(t), J) is a solution to (APF) starting at ω , then it coincides with a solution to (AHCF).
As the third goal of this paper, we prove that the equation (AHCF) is a strictly parabolic equation. Therefore, the short-time existence and the uniqueness of the solution to (AHCF) with initial condition ω follow from the standard parabolic theory since the manifold is supposed to be compact. Since the solution to (AHCF) are unique, the solution to (AHCF) exactly coincides with the solution to (APF). Theorem 1.3. Given a compact almost Hermitian manifold (M, ω , J) with almost pluriclosed metric ω , there exists a unique solution ω(t) to (AHCF) with initial condition ω for t ∈ [ , ε) for some ε > . Moreover, if ω( ) is almost pluriclosed, the metric ω(t) is almost pluriclosed for all t ∈ [ , ε).
Notice that we assume the Einstein convention omitting the symbol of sum over repeated indexes in all this paper.
Preliminaries
Let M be a n-dimensional smooth di erentiable manifold. An almost complex structure on M is an endomor-
Let (M, J) be an almost complex manifold. We de ne a bilinear map on
which is the Nijenhuis tensor of J. The Nijenhuis tensor N satis es
Giving a complex structure to a di erentiable manifold M is equivalent to giving an integrable almost complex structure to M. Let (M, J) be an almost complex manifold. A Riemannian metric g on M is called J-invariant if J is compatible with g, i.e., for any X, Y ∈ Γ(TM), g(X, Y) = g(JX, JY). In this case, the pair (g, J) is called an almost Hermitian structure. The fundamental -form ω associated to a J-invariant Riemannian metric g, i.e., an almost Hermitian metric, is determined by, for X,
and ω ∈ Γ( T * M). We will also refer to the associated real fundamental ( , )-form ω as an almost Hermitian metric. The form ω is related to the volume form dVg by n!dVg = ω n . Let a local ( , )-frame {Zr} on (M, J) with an almost Hermitian metric g and let {ζ } be a local associated coframe with respect to {Zr}, i.e.,
Since g is almost Hermitian, its components satsfy g ij = g¯i¯j = and g ij = g¯j i =ḡ¯i j . With using these local frame {Zr} and coframe {ζ }, we have
and
We write T R M for the real tangent space of M. Then its complexi ed tangent space is given by
By extending J C-linearly and g, ω C-bilinearly to T C M, they are also de ned on T C M and we observe that the complexi ed tangent space T C M can be decomposed as
where T , M and T , M are the eigenspaces of J corresponding to eigenvalues For any ( , )-form β, for a coframe {ζ r } associated to a local ( , )-frame {Zr} with respect to g around a xed point in M, we have β = β¯j ζ¯j, 
Note that T depends only on J and it can be regarded as the Nijenhuis tensor of J, that is, J is integrable if and only if T vanishes. We denote by Ω the curvature of the Chern connection ∇. We can regard Ω as a section of
In terms of Zr's, we have The Chern-Ricci form Ric(ω) is de ned by
It is a closed real -form. If J is integrable, it is a closed real ( , )-form. If furthermore, J is integrable and dω = , then the Chern-Ricci form coincides with the Ricci form de ned by the Levi-Civita connection of ω. Let (M, g, J) be an almost Hermitian manifold. Let {Zr} be a local unitary ( , )-frame with respect to g around a xed point p ∈ M. Note that unitary frames always exist locally since we can take any frame and apply the Gram-Schmidt process. Then with respect to such a frame, we have g ij = δ ij , Z k (g ij ) = .
Lemma 2.2. With using a local g-unitary ( , )-frame, the Christo el symbols satisfy
Proof. We compute with a local g-unitary ( , )-frame,
With a local g-unitary ( , )-frame, the components of the torsion can be written as We can split the exterior di erential operator d :
In terms of these components, the condition d = can be written as A = , ∂A + A∂ = ,∂Ā +Ā∂ = ,Ā = , A∂ + ∂ +∂A = , AĀ + ∂∂ +∂∂ +ĀA = , ∂Ā +∂ +Ā∂ = .
A direct computation yields for any φ ∈ C ∞ (M, R), Applying the result of Lemma 3.1, we obtain the following formulae. Proof. Let {Zr} be an arbitrary local g-unitary frame. For any α ∈ Λ , , we compute
where we used the result in Lemma 3.1 in the fourth line. This gives the rst formula, and the second one follows analogously. Proof. In general, we have for any α ∈ Λ , , (∂α) ij = ∇ i α¯j. Hence we have (∂∂ * g ω) ij = −(∂w) ij = −∇ i w¯j .
The second follows analogously. 's do not depend on g, which depend only on J since the mixed derivatives ∇ j Zb do not depend on g.
We also compute with using that [ We also have
Here we compute
Combining these and from applying the almost pluriclosed condition (cf. [3, Proposition 3.12.]):
we have
which implies that the operator Φ is elliptic.
Now we show that the almost pluriclosedness can be preserved along the solution to (APF). We need the following lemma. Combining these formulae, we obtain the following. Proof. Taking into account Lemma 3.3, the ow (AHF) takes the expression
From the result of Lemma 3.5, we have
Applying the result of Lemma 3.4 yields
Hence, we conclude
Hence we have proved the second main result. Consider the operator Proof. Since (Q + Q − BT )(ω) involves only the rst derivatives of g, the principal part of Ψ(ω) is determined by (S −Z(T ))(ω). Let {Zr} be an arbitrary ( , )-frame with respect to J. We compute Since the operator ω → Ψ(ω) is strictly elliptic, the equation (AHCF) is strictly parabolic and the standard parabolic theory implies that (AHCF) has a unique solution ω(t) for t su ciently small. Since solutions to (AHCF) are unique, it follows that the solution coincides with the solution to (APF), and we conclude that the solution ω(t) to (AHCF) starting at the initial almost pluriclosed metric ω is almost pluriclosed for all time as well. Hence we have proved the third main result.
